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1. Introduction
The experimental data on azimuthal angle correlations (see Refs. [1–11] show suprizing similarities between
different processes: nucleus-nucleus, hadron-nucleus and hadron-hadron collisions. The popular explana-
tion is related to elliptic flow, and stems from the interaction in the final state. In the framework of such
an approach, we have to assume that the proton interactions are similar to nucleus scattering, at least for
events with large multiplicity. However, the ATLAS data [9] show that v2,2,v3,3 and v4,4 do not depend on
multiplicity at W=13 TeV and at W= 2.76 TeV.
In this paper we will discuss these correlations from a different point of view. We believe that the
general origin of the azimuthal angle correlations in all reactions, stems from the Bose-Einstein correlations
(BEC) of the produced gluons, which originate from the gluon wave function in the initial state [12–21].
The attractive feature of this idea is that, BEC have a general source that characterizes the volume of the
interaction [22,23]. Therefore, the main dimensional parameters of the interaction that manifest themselves
in diffraction scattering, and in inclusive production, should determine the BEC. In other words, that in
spite of the embryonic stage of our understanding of the confinement of quarks and gluons, we can develop
a quantitative approach for the BEC in the framework of a model for soft interactions at high energy. To
accomplish this, we need to construct such a model, that will allow us to discuss soft and hard processes
on the same footing.
The main goal of this paper is to develop such model. Fortunately, we have built a model which provides
a good description of all the soft data [24–29], including, total, inelastic, elastic and diffractive cross sections,
the t-dependence of these cross sections as well as the inclusive production and rapidity correlations. In
this paper we expand this model to include the hard interactions mostly using the geometric scaling
behavior of the scattering amplitude [30] for the hard kinematic region in the Colour Glass Condensate
(CGC)/saturation approach [31].
The idea of BEC being the main source of the azimuthal angle correlations, is marred by the observation
[15,16], that the process of the central diffraction production of colourless gluon dijets, gives a contribution
which is equal to that of the BEC. In this case vn,n with odd n are equal to zero, while vn,n with even n,
are twice larger. We will not discuss this problem here. Our main goal is to obtain reliable quantitative
estimates for vn,n. However, we believe that due to the Sudakov suppression in Double Log Approximation
of perturbative QCD, the dijet contribution is negligibly small [32].
The paper is organized as follows. In the next section we give a brief review of our model which is
based on CGC/saturation approach. We discuss what we have taken from the theory in our approach, and
what we have considered from a pure phenomenological approach. We will attempt to clarify the physical
meaning of the introduced phenomenological parameters, and show how we include three dimensional sizes,
which have been used to describe the scattering amplitude. In the language of the Constituent Quark Model
these three sizes are the hadron radius, the size of the constituent quark, and the saturation momentum,
which is a typical scale for the high energy amplitude.
In section 3 we generalize our model including the construction of an amplitude at short distances,
which is able to describe the deep inelastic scattering (DIS). We compare our amplitude with HERA
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experimental data [33]. In section four we calculate the inclusive cross section, and show that we obtain good
agreement with the experimental data. This is very important for our calculation, since it demonstrates
that we are able to describe the experimental data for inclusive production not only at short distances, but
also at long distances.
In section 5 we calculate the value of BEC correlations, its energy and multiplicity dependence. We
obtain the value of vn which are a bit larger than the experimental ones, with a mild dependence on energy
and multiplicity. We consider these estimates as the first quantitative prediction for vn in proton-proton
scattering, which are in agreement with the values of the inclusive cross sections, and the cross sections for
the hard processes.
In section 6 we draw our conclusions and outline the problems for future investigations.
2. The model
2.1 Theoretical input from the CGC/saturation approach
In this section we generalize our model for soft interactions at high energy [24–29] to include a description
of hard processes. This model incorporates two ingredients: the achievements of the CGC/saturation
approach, which is an effective theory for QCD at high energy; and the pure phenomenological treatment of
the long distance non-perturbative physics, due to the lack of the theoretical understanding of confinement
of quark and gluons.
We wish to stress that the most of this section does not contain new results, it reviews our approach,
and it is included in the paper only for the sake of completeness of presentation. One can find more details
in Refs. [24–29].
The effective theory for QCD at high energies exists in two different formulations: the CGC/saturation
approach [34–37], and the BFKL Pomeron calculus [38–51]. In building our model we rely on the BFKL
Pomeron calculus, as the relation to diffractive physics and soft processes in general, is more transparent in
this approach. However, we believe the CGC/saturation approach produces a more general pattern [49,50]
for the treatment of high energy QCD. Fortunately, in Ref. [50] it was shown, that these two approaches
are equivalent for
Y ≤ 2
∆BFKL
ln
(
1
∆2BFKL
)
(2.1)
where ∆BFKL denotes the intercept of the BFKL Pomeron. As we will see, in our model ∆BFKL ≈ 0.2−0.25
leading to Ymax = 20− 30, which covers all accessible energies.
The main ingredient, that we need to find, is the resulting (dressed) BFKL Pomeron Green function,
which can be calculated using t-channel unitarity constraints:
GdressedIP (Y, r,R; b) = (2.2)∫ ∏
i=1
d2ri d
2bi d
2r′i d
2b′iN
(
Y − Y ′, r, {ri, b− bi}
)
ABAdipole-dipole
(
ri, r
′
i,
~bi − ~b′i
)
N
(
Y ′, R, {r′i, b′i}
)
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where N (Y − Y ′, r, {ri, b− bi}) denotes the amplitude for the production in the t-channel of the set of
dipoles with Y = Y ′ and with the size ri, at the impact parameters bi. ABAdipole-dipole denotes the dipole-
dipole scattering amplitude in the Born approximation of perturbative QCD, which are indicated by red
circles in Fig. 1-a. In addition, in Ref. [50] it is shown that for such Y , we can safely use the Mueller-Patel-
Salam-Iancu (MPSI) approach [52]. In this approximation we estimate the amplitudes N in Eq. (2.2),
using BFKL Pomeron ’fan’ diagrams (see Fig. 1-a for examples of such diagrams). In other words, we can
use the parton cascade of the Baslitsky-Kovchegov [36] equation, to find the amplitude for the production
of dipoles of size ri at impact parameters bi. This amplitude can be written as (see Fig. 1-c)
N
(
Y − Y ′, r, {ri, bi}
)
= NBK
(
Y − Y ′, r, {ri, bi}
)
(2.3)
=
∞∑
n=1
(− 1)n+1 C˜n (r)
n∏
i=1
GIP
(
Y − Y ′; r, ri, bi
)
=
∞∑
n=1
(− 1)n+1 C˜n (r)
n∏
i=1
GIP (z − zi) .
GIP denotes the Green function of the BFKL Pomeron. In the last equation we used the fact that in the
saturation region this Green function has geometric scaling behavior, and so it depends on one variable:
zi = ln
(
Q2s(Y
′)r2i
)
, where Qs (Y
′), is the saturation scale, in the vicinity of the saturation scale [53]
GIP (zi) = φ0
(
r2i Q
2
s (Y, bi)
)1−γcr
(2.4)
where γcr = 0.37.
=
a)
G3P
Y’
c)b)g (b)i
Figure 1: Fig. 1-a shows the set of diagrams in the BFKL Pomeron calculus that produce the resulting (dressed)
Green function of the Pomeron in the framework of high energy QCD. The red blobs denote the amplitude for the
dipole-dipole interaction at low energy. In Fig. 1-b the net diagrams, which include the interaction of the BFKL
Pomerons with colliding hadrons, are shown. The sum of the diagrams after integration over positions of G3IP in
rapidity, reduces to Fig. 1-c.
In Ref. [51], it was shown that, the solution to the non-linear BK equation has the following general
form
N (GIP (φ0, z)) =
∞∑
n=1
(− 1)n+1Cn (φ0)GnIP (φ0, z) . (2.5)
Comparing Eq. (2.3) with Eq. (2.5) we see
C˜n (r) = Cn (φ0) . (2.6)
Coefficients Cn can be determined from the solution to the Balitsky-Kovchegov equation [36], in the
saturation region. The numerical solution has been found in Ref. [51] for the simplified BFKL kernel in
which only the leading twist contribution was taken into account:
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NBK (GIP (φ0, z)) = a (1− exp (−GIP (φ0, z))) + (1− a) GIP (φ0, z)
1 + GIP (φ0, z)
, (2.7)
with a = 0.65. Eq. (2.7) is a convenient parameterization of the numerical solution, with an accuracy
of better than 5%. Having Cn we can calculate the Green function of the dressed BFKL Pomeron using
Eq. (2.2), and the property of the BFKL Pomeron exchange:
α2S
4pi
GIP (Y − 0, r, R; b) = (2.8)∫
d2r′d2b′ d2r′′ d2b′′GIP
(
Y − Y ′, r, r′,~b−~b ′
)
GIP
(
Y ′r′′, R,~b
′′)
ABAdipole-dipole
(
r′, r′′, ~b′′ − ~b′
)
Carrying out the integrations in Eq. (2.2), we obtain the Green function of the dressed Pomeron in
the following form:
Gdressed (T ) = a2(1− exp (−T )) + 2a(1− a) T
1 + T
+ (1− a)2G (T )
with G (T ) = 1− 1
T
exp
(
1
T
)
Γ
(
0,
1
T
)
(2.9)
where Γ (s, z) is the upper incomplete gamma function (see Ref. [54] formula 8.35), and T denotes the
BFKL Pomeron in the vicinity of the saturation scale ( see Eq. (2.4))
T (r⊥, Y = ln (s/s0) , b) = φ0
(
r2⊥Q
2
s (Y, b)
)γ¯
(2.10)
The Green function of Eq. (2.9) depends on the size of the dipoles, and we will use it for discussing the
hard processes. In our analysis of the soft interaction we fixed r = 1/m, and m was a fitting parameter.
2.2 Phenomenology: assumptions and new small parameters
Unfortunately, due to the embryonic stage of theoretical understanding of the confinement of quarks and
gluons, it is necessary to use pure phenomenalogical ideas to fix two major problems in high energy
scattering: the structure of hadrons, and the large impact parameter behavior of the scattering amplitude
[55]. The main idea to correct the large impact parameter behaviour, is to assume that the saturation
momentum has the following dependence on the impact parameter b:
Q2s (b, Y ) = Q
2
0s (b, Y0) e
λ (Y−Y0) (2.11)
with
Q20s (b, Y0) =
(
m2
)1−1/γ¯
(S (b,m))1/γ¯ S (b,m) =
m2
2pi
e−mb and γ¯ = 0.63 (2.12)
We have introduced a new phenomenological parameter m to describe the large b behaviour. The Y
dependence as well as r2 dependence, can be found from CGC/saturation approach [31], since φ0 and λ
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can be calculated in the leading order of perturbative QCD. However, since the higher order corrections
turn out to be large [56], we treat them as parameters to be fitted. m is a non-perturbative parameter,
which determines the typical sizes of dipoles within the hadrons. In Table 1, we show that from the fit,
m = 5.25 GeV, supporting our main assumption that we can apply the BFKL Pomeron calculus, based
on perturbative QCD, to the soft interaction since m  µsoft, where µsoft is the scale of soft interaction,
which is of the order of the mass of pion or ΛQCD.
The idea to absorb the non-perturbative b dependence into the saturation scale, stems both from the
success of this idea in the description of the hard processes in framework of the saturation model [57–77],
and from the semi-classical solution to the BK equation [78], as well as from the analytical solution deep
in the saturation domain [79].
The second unsolved problem for which we need a phenomenological input, is the structure of the
scattering hadrons. We use a two channel model, which allows us to calculate the diffractive production in
the region of small masses. In this model, we replace the rich structure of the diffractively produced states,
by a single state with the wave function ψD, a la Good-Walker [80]. The observed physical hadronic and
diffractive states are written in the form
ψh = αΨ1 + βΨ2 ; ψD = −βΨ1 + αΨ2; where α2 + β2 = 1; (2.13)
Functions ψ1 and ψ2 form a complete set of orthogonal functions {ψi} which diagonalize the interaction
matrix T
Ai
′k′
i,k =< ψi ψk|T|ψi′ ψk′ >= Ai,k δi,i′ δk,k′ . (2.14)
The unitarity constraints take the form
2 ImAi,k (s, b) = |Ai,k (s, b) |2 +Gini,k(s, b), (2.15)
whereGini,k denotes the contribution of all non diffractive inelastic processes, i.e. it is the summed probability
for these final states to be produced in the scattering of a state i off a state k. In Eq. (2.15)
√
s = W
denotes the energy of the colliding hadrons, and b the impact parameter. A simple solution to Eq. (2.15)
at high energies, has the eikonal form with an arbitrary opacity Ωik, where the real part of the amplitude
is much smaller than the imaginary part.
Ai,k(s, b) = i (1− exp (−Ωi,k(s, b))) , (2.16)
Gini,k(s, b) = 1− exp (−2 Ωi,k(s, b)) . (2.17)
Eq. (2.17) implies that PSi,k = exp (−2 Ωi,k(s, b)), is the probability that the initial projectiles (i, k) reach
the final state interaction unchanged, regardless of the initial state re-scatterings.
The first approach is to use the eikonal approximation for Ω in which
Ωi,k(r⊥, Y − Y0, b) =
∫
d2b′ d2b′′ gi
(
~b′,mi
)
Gdressed
(
T
(
r⊥, Y − Y0,~b′′
))
gk
(
~b−~b′ −~b′′,mk
)
(2.18)
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where mi denote the masses, which is introduced phenomenologically to determine the b dependence of gi
(see below).
We propose a more general approach, which takes into account the new small parameters, that are
determined by fitting to the experimental data (see Table 1 and Fig. 1 for notation):
G3IP
/
gi(b = 0)  1; m  m1 and m2 (2.19)
The second equation in Eq. (2.19) leads to the fact that b′′ in Eq. (2.18) is much smaller than b and
b′, therefore, Eq. (2.18) can be re-written in a simpler form
Ωi,k(r⊥, Y − Y0, b) =
(∫
d2b′′Gdressed
(
T
(
r⊥, Y − Y0,~b′′
))) ∫
d2b′gi
(
~b′
)
gk
(
~b−~b′
)
= G˜dressed (r⊥, Y − Y0)
∫
d2b′gi
(
~b′
)
gk
(
~b−~b′
)
(2.20)
Using the first small parameter of Eq. (2.19), we see that the main contribution stems from the net
diagrams shown in Fig. 1-b. The sum of these diagrams [25] leads to the following expression for Ωi,k(s, b)
Ω (r, Y − Y0; b) =
∫
d2b′
gi
(
~b′
)
gk
(
~b−~b′
)
G˜dressed (r, Y − Y0)
1 + G3IP G˜dressed (r, Y − Y0)
[
gi
(
~b′
)
+ gk
(
~b−~b′
)] ; (2.21)
gi (b) = gi Sp (b;mi) ; (2.22)
where
Sp (b,mi) =
1
4pi
m3i bK1 (mib)
Fourier image−−−−−−−−−−−→ 1(
1 +Q2T /m
2
i
)2 (2.23)
G˜dressed (r, Y − Y0) =
∫
d2b Gdressed (T (r, Y − Y0, b)) (2.24)
where T (r, Y − Y0, b) is given by Eq. (2.10).
The impact parameter dependence of Sp (b,mi) is purely phenomenological, however, Eq. (2.23) which
has a form of the electromagnetic proton form factor, leads to the correct (exp (−µb)) behavior at large
b [82], and has correct behavior at large QT , which has been calculate in the framework of perturbative
QCD [83]. We wish to draw the reader’s attention to the fact that m1 and m2 are the two dimensional
scales in a hadron, which in the framework of the constituent quark model, we assign to the size of the
hadron (Rh ∝ 1/m1), and the size of the constituent quark (RQ ∝ 1/m2).
Note that G˜dressed (Y − Y0) does not depend on b. In all previous formulae, the value of the triple BFKL
Pomeron vertex is known: G3IP = 1.29GeV
−1.
For further discussion, we introduce the notation
NBK
(
GiIP (r⊥, Y, b)
)
= a
(
1− exp (−GiIP (r⊥, Y, b))) + (1− a) GiIP (r⊥, Y, b)1 + GiIP (r⊥, Y, b) , (2.25)
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model λ φ0 (GeV
−2) g1 (GeV −1) g2 (GeV −1) m(GeV ) m1(GeV ) m2(GeV ) β
I(soft int.) 0.38 0.0019 110.2 11.2 5.25 0.92 1.9 0.58
II:(soft + DIS) 0.38 0.0022 96.9 20.96 5.25 0.86 1.76 0.66
Table 1: Fitted parameters of the model. Fit I: parameters for the soft interaction at high energy are taken from
Ref. [25]. The additional parameters for DIS were found by fitting to the F2 structure function (see below). Fit II:
joint fit to the soft interaction data at high energy and the DIS data.
with a = 0.65 . Eq. (2.25) is an analytical approximation to the numerical solution for the BK equation [51].
GiIP (r⊥, Y ; b) = gi (b) G˜
dressed (r⊥, Y − Y0). We recall that the BK equation sums the ‘fan’ diagrams.
2.3 Results of the fit
In this paper we make two fits. In the first one (fit I in Table 1 and Table 3) we do not change the
parameters that govern the soft interactions in our model, and are shown in Table 1. The additional
parameters that we need for the description of the deep inelastic data, and which we will discuss in the
next section (see Table 3), were fitted using the HERA data on the deep inelastic structure function F2.
The second fit, is a joint fit to the soft strong interaction data and the DIS data. In Fig. 2 we show the
results of our model compared with the HERA data. The model predictions are in accord with the data
for 0.85 ≤ Q2 ≤ 27GeV 2, while for higher values of Q2 and of x, the model values are slightly larger than
the data.
In Table 2 we present our predictions for the soft interaction observables, in general the values obtained
in the model for the soft interactions agree with the published LHC data, as well as the new preliminary
TOTEM values at W =2.7,7,8,13 TeV (see Ref. [81]). We are in very good agreement with the data for σtot,
σel and Bel. Regarding σsd and σdd, a problem exists when attempting to compare with the experimetal
results. This is due to the difficulties of measuring diffractive events at LHC energies, the different ex-
periments have different cuts on the values of the diffractive mass measured, making it problematic when
attempting to compare the model predictions with the experimental results.
In Table 2 we show the results of the two fits, the results are close to one another, the main difference
shows up only at high energies. Indeed, in fit I the cross section for single diffraction is equal to 14.9 mb,
while in fit II this value is smaller (13.1 mb). The smaller value of the diffraction cross sections is closer to
TOTEM and CMS data.
3. Deep inelastic scattering
3.1 Generalities
In this section, we compare our amplitude with the experimental data on deep inelastic scattering (DIS).
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W σtot σel(mb) Bel single diffraction double diffraction
(TeV) (mb) (mb) (GeV −2) σsmdsd (mb) σ
lmd
sd (mb) σ
smd
dd (mb) σ
lmd
dd (mb)
0.576 62.3(60.7) 12.9(13.1) 15.2(15.17) 5.64(4.12) 1.85(1.79) 0.7(0.39) 0.46 (0.50)
0.9 69.2(68.07) 15(15.05) 16(15.95) 6.254.67) 2.39(2.35) 0.77(0.46) 0.67(0.745)
1.8 79.2(78.76) 18.2(19.1) 17.1(17.12) 7.1(5.44) 3.35(3.28) 0.89(0.56) 1.17 (1.30)
2.74 85.5(85.44) 20.2(21.4) 17.8(17.86) 7.6(5.91) 4.07(4.02) 0.97(0.63) 1.62(1.79)
7 99.8(100.64) 25(26.7) 19.5(19.6) 8.7(6.96) 6.2(6.17) 1.15(0.814) 3.27(3.67)
8 101.8(102.8) 25.7(27.4) 19.7(19.82) 8.82(7.1) 6.55(6.56) 1.17(0.841) 3.63(4.05)
13 109.3(111.07) 28.3(30.2) 20.6(20.74) 9.36(7.64) 8.08(8.11) 1.27(0.942) 5.11(5.74)
14 110.5(111.97) 28.7(30.6) 20.7(20.88) 9.44(7.71) 8.34(8.42) 1.27(0.96) 5.4(6.06)
57 131.7(134.0) 36.2(38.5) 23.1(23.0) 10.85(9.15) 15.02(15.01) 1.56(1.26) 13.7(15.6)
Table 2: The values of cross sections versus energy. σsmdsd and σ
smd
dd denote the cross sections for diffraction disso-
ciation in the small mass region, for single and double diffraction, which stem from the Good-Walker mechanism.
While σlmdsd and σ
lmd
dd denote high mass diffraction, coming from the dressed Pomeron contributions. The predictions
of fit II, are shown in brackets.
In the framework of our approach, the observables of DIS can be re-written using
NT,L (Q,Y ; b) =
∫
d2r
4pi
∫ 1
0
dz |Ψγ∗T,L (Q, r, z) |2N (r, Y ; b) (3.1)
where Y = ln (1/xBj) and xBj is the Bjorken x. z is the fraction of energy carried by quark. Q is the
photon virtuality. b denotes the impact parameter for the scattering of the colorless dipole of size r with
the proton. N (r, Y ; b) is the scattering amplitude of this dipole, which in our model can be written in the
following form:
N (r, Y ; b) = α2NBK1
(
g1 S (b,m1) G˜IP (r;Y )
)
+ β2NBK2
(
g2 S (b,m2) G˜IP (r;Y )
)
(3.2)
In Eq. (3.1) |Ψγ∗T,L (Q, r, z) |2 is the probability to find a dipole of size r in a photon with the virtuality
Q, and with transverse or longitudinal polarization. The wave functions are known (see Ref. [31] and
reference therein) and they are equal to the following expressions:
(Ψ∗Ψ)γ
∗
T =
2Nc
pi
αem
∑
f
e2f
{[
z2 + (1− z)2] 2K21 (r) +m2fK20 (r)} , (3.3)
(Ψ∗Ψ)γ
∗
L =
8Nc
pi
αem
∑
f
e2fQ
2z2(1− z)2K20 (r), (3.4)
where 2 = m2f + z(1− z)Q2.
Finally, the physical observables take the form:
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σT,L (Q,Y ) = 2
∫
d2b NT,L (Q,Y ; b) (3.5)
F2 (Q,Y ) =
Q2
4pi2αe.m.
{
σT + σL
}
(3.6)
3.2 Modification to also include DIS
First, we need to include the mild violation of the geometric scaling behavior of the scattering amplitude.
We use the same procedure as has been suggested in Res. [57–77]: we change γ¯ in Eq. (2.10)
γ¯ = 1 − γcr → 1 − γcr − 1
2κλY
ln
(
r2Q2s (b)
)
= 0.63 − 1
2κλY
ln
(
r2Q2s (b)
)
(3.7)
where κ = χ′′ (γcr) /χ′ (γcr) = 9.8. χ (γ) is the BFKL kernel which has the foliowing form
χ (γ) = 2ψ(1)− ψ(γ)− ψ(1− γ) while χ (γcr)
1− γcr =
dχ (γ)
dγ
∣∣∣∣∣
γ=γcr
(3.8)
where ψ(z) = dΓ(z)/dz is the Euler ψ-function (see Ref. [54] formula 8.360).
Since we take into account the contribution of the heavy c-quark we introduce a correction due to large
mass of this quark:
xBj → xBj
 1
1 + 4m
2
c
Q2
 or Yc = Y − ln (1 + 4m2c/Q2) (3.9)
In describing the saturation phenomena and fitting the strong interaction data, we assumed that the
QCD coupling is frozen at some value of momentum µsoft. However, for DIS we take into account the
running QCD coupling, replacing Eq. (3.6) by the following expression
F2 (Q,Y ) =
Q2
4pi2αe.m.
{
α¯S
(
Q2
)
α¯S (µ2)
σlight q (Q,Y ) +
α¯S
(
Q2 + 4m2c
)
α¯S (µ2)
σcharm q (Q,Yc)
}
(3.10)
where µ denotes the typical mass of the soft strong interaction µ ∼ 1GeV and
α¯S
(
Q2
)
α¯S (µ2)
=
1
1 + βα¯S (µ2) ln (Q2/µ2)
(3.11)
with β = 3/4.
We consider the strong interaction data for energies W ≥ 0.546TeV , while the experimental data from
HERA were measured for lower energies. Therefore, we need to include the contribution of the secondary
Reggeons which give a substantial contribution [84].
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σIR (Q,Y ) =
∫
d2r
4pi
{
(Ψ∗Ψ)γ
∗
T + (Ψ
∗Ψ)γ
∗
L
}
AIR r
2
(
Q2
xBj Q20
)αIR(0)−1
(3.12)
with Q0 = 1GeV .
The final equation for F2 takes a form:
F2 (Q,Y ) =
Q2
4pi2αe.m.
{
α¯S
(
Q2
)
α¯S (µ2)
σlight q (Q,Y ) +
α¯S
(
Q2 + 4m2c
)
α¯S (µ2)
σcharm q (Q,Yc) + σIR (Q,Y )
}
(3.13)
3.3 The description of the HERA data
We introduce in Eq. (3.13), a set of new parameters for DIS: mq-mass of the light quark, which we hope will
be of the order of the constituent quark mass (∼ 300MeV ), the mass of charm quark (mc = 1.2÷1.5GeV ),
µ which we believe will be of the order of 1 GeV, and we introduce two new parameters A and αIR (0) for the
secondary Reggeon contribution. For A there is only one restriction that at xbj = 4 10
−6 σlight qIR ≤ 0.02σtot,
while αIR (0) = 0.4÷ 0.6.
model mq(GeV mc(GeV ) αS(µ) µ (GeV ) AIR(GeV
2 αIR(0))
I 0.3 1.25 0.263 1.2 2.34 0.55
II 0.2 1.2 0.34 1.25 5.44 0.56
Table 3: Fitted parameters for DIS. The description of fit I and fit II is given in section 2.3, and in the caption of
Table 1.
In Table 3 we display the parameters that were determined by fitting to the data, Fig. 2 shows the
quality of our fit to the DIS HERA data.
We consider the fit shown in Fig. 2 to be in very good agreement with the experimental data, and to
demonstrate that our model is able to describe the hard processes to within an accuracy of 5%.
4. Inclusive production
The cross section of the inclusive production is a very important observable for our estimates, since it
indicates how well, we can describe the multi particle generation processes in our model. We have described
the experimental data in our soft interaction model [26], we now recalculate using our generalization of
the model, that we have discussed above. Ref. [65] showed that the CGC/saturation approach is able to
describe the LHC data on inclusive production. In this section we re-visit these calculations, using our
model, which we can now apply both to soft and to hard processes.
The expression for the inclusive cross section takes the form [31,65,86] (see Fig. 3 for notation)
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x
Figure 2: F2 versus x at fixed Q. The red curve corresponds to fit I, while the blue one describes fit II. Data is
taken from Ref. [33].
dσ
dy d2pT
2CF
αs(2pi)4
1
p2T
∫
d2~b d2 ~B d2r ei~pT ·~r ∇2T Nh1G (Y − y; r; b) ∇2T Nh2G
(
y; r; |~b− ~B|
)
. (4.1)
where the scattering amplitudes NhiG can be found from the dipole amplitude [86]
NhiG (yi; r; b) = 2N (yi; r; b) − N2 (yi; r; b) , (4.2)
and r denotes the dipole size. CF = (N
2
c − 1)/2Nc. For further discussion it is convenient to introduce two
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Figure 3: The generic Mueller diagrams [85] for single inclusive(Fig. 3-a) and for double inclusive (Fig. 3-b and
Fig. 3-c) production. Fig. 3-b describes the double inclusive cross section, while Fig. 3-c shows the interference
diagram for the Bose-Einstein correlation. For ease of drawing we take y1 = y2.
more observables
dσi,j
dy d2pT d2B
=
2CF
αs(2pi)4
1
p2T
∫
d2b d2r ei~pT ·~r ∇2T N iG (Y − y; r; b) ∇2T N jG
(
y; r; |~b− ~B|
)
;
dσi,j
dy d2pT d2B d2b
=
2CF
αs(2pi)4
1
p2T
∫
d2r ei~pT ·~r ∇2T N iG (Y − y; r; b) ∇2T N jG
(
y; r; |~b− ~B|
)
(4.3)
where
N iG (yi; r; b) = 2N
BK
i
(
gi S (b,mi) G˜IP (r; yi)
)
−
(
NBKi
(
gi S (b,mi) G˜IP (r; yi)
))2
(4.4)
Taking for N (yi; r; b) in Eq. (4.2) the amplitude of Eq. (3.2) we obtain
dN
dy
∣∣∣
y=0
=
1
σNSD
∫
d2pT
dσ
dy d2pT
(4.5)
The values of σNSD = σtot−σel−σsingle diffraction we take from the description of total and diffraction cross
section in our model [25]. One can see that integral over pT is logarithmical divergent at small pT . As
shown in Ref. [87] this divergence is regularized by the mass of produced gluon jet at y = 0. In Fig. 4 we
plotted our estimates for dNdy
∣∣∣
y=0
using the value of this mass as was taken in Ref. [65] mjet = 350MeV .
The agreement with the experimental data is good and it gives us confidence that our model is able to
discuss the typical process of many particle production. We do not need to discuss the rapidity distribution
of the single inclusive cross section, since it has been discussed in Refs. [26,65], where it is shown that this
distribution agrees with the experimental data.
5. Azimuthal angle correlations
5.1 Double inclusive cross section
The Mueller diagram [85] for double inclusive cross section is shown in Fig. 3-b. Using Eq. (4.3) this cross
section can be written in the form:
Σi,j ≡ d
2σi,j
dy1 d2p1,T dy2 d2p2,T
=
∫
d2B
dσ
dy1 d2p1,T d2B
dσ
dy2 d2p2,T d2B
(5.1)
d2σ
dy1 d2p1,T dy2 d2p2,T
= α4 Σ1,1 + 2α
2 β2 Σ1,2 + β
4 Σ2,2 (5.2)
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Figure 4: dNdy
∣∣∣
y=0
versus energy W. The experimental data are taken from Refs. [88–90] and Ref. [91]
We can re-write Eq. (5.1) in a different form if we introduce
IGi (y, r,QT ) =
∫
d2b ei
~QT ·~r∇2T N iG (Y − y; r; b) (5.3)
Note, that ~QT denotes the transverse momentum carried by the BFKL Pomeron, which emits gluons with
momentum ~p1,T or ~p2,T .
Plugging Eq. (5.3) in Eq. (5.1) the expression for the double inclusive cross section takes the form
d2σi,j
dy1 d2p1,T dy2 d2p2,T
=
2CF
αs(2pi)4
1
p21,T
2CF
αs(2pi)4
1
p22,T
∫
d2r1 e
~p1,T ·~r1
∫
d2r2 e
~p2,T ·~r2 (5.4)
×
∫
d2QT
(2pi)2
IGi (Y − y1, r1, QT ) IGi (Y − y2, r2, QT ) IGj (y1, r1, QT ) IGj (y2, r2, QT )
Therefore, using either Eq. (5.1) or Eq. (5.4) and the decomposition of Eq. (5.2), one can calculate the
double inclusive cross section.
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5.2 Bose-Einstein correlation: energy dependence
The double inclusive cross section of two identical gluons has the following general form:
d2σ
dy1 dy2d2pT1d2pT2
(identical gluons) =
d2σ
dy1 dy2d2pT1d2pT2
(different gluons)
(
1 + C (Lc|~pT2 − ~pT1|)
)
(5.5)
where C (Lc|~pT2 − ~pT1|) denotes the correlation function, and Lc the correlation length. The first term in
Eq. (5.5) is given by Eq. (5.1) or Eq. (5.4), while the second term describes the interference diagram for
the identical gluons (see Fig. 3-c and Refs. [17,32] for details). The expression for the interference term is
more transparent in momentum representation, where it has the form
d2σi,j (interference contribution)
dy1 dy2d2pT1d2pT2
=
1
N2c − 1
2CF
αs(2pi)4
1
p21,T
2CF
αs(2pi)4
1
p22,T
∫
d2r1 e
~p1,T ·~r1
∫
d2r2 e
~p2,T ·~r2
×
{ ∫
d2QT
(2pi)2
IGi (Y − y1, r1, QT ) IGi (Y − y2, r2, QT ) IGj
(
y1, r1, ~QT − ~p12,T
)
IGj
(
y2, r2, ~QT − ~p12,T
)
=
∫
d2Q′T
(2pi)2
IGi
(
Y − y1, r1, ~Q′T +
1
2
~p12,T
)
IGi
(
Y − y2, r2, ~Q′T +
1
2
~p12,T
)
× IGj
(
y1, r1, ~QT − 1
2
~p12,T
)
IGj
(
y2, r2, ~QT − 1
2
~p12,T
)}
(5.6)
Eq. (5.6) takes into account that the lower BFKL Pomerons in Fig. 3-c, carry momenta ~QT − ~p12,T , where
~p12,T ≡ ~p1,T − ~p2,T .
Eq. (5.6) can be re-written in the impact parameter representation using Eq. (4.3)
d2σi,j
dy1 dy2d2pT1d2pT2
(interference contribution) = (5.7)
1
N2c − 1
∫
d2b˜ ei~p12,T ·
~˜
b
∫
d2B′d2b
dσi,j
dy d2pT d2B d2b
(
~b+
1
2
~˜
b, ~B′ +
1
2
~˜
b
)
dσi,j
dy d2pT d2B d2b
(
~b− 1
2
~˜
b, ~B′ − 1
2
~˜
b
)
Finally, using the decomposition of Eq. (5.2), we can calculate the correlation function. In Fig. 5 we
show the calculated correlation function
C (Lc|~pT2 − ~pT1|) =
d2σ
dy1 dy2d2pT1d2pT2
(interference contribution)
d2σ
dy1 dy2d2pT1d2pT2
(different gluons)
(5.8)
From this figure we note that the correlation function does not depend on energy. This is an expected
result. Indeed, the production of two parton showers, which is taken into account in Fig. 3-b and Fig. 3-c,
leads to the correlation function, which does not depend on y12 = |y1 − y2| (long range rapidity correla-
tions(LRC)). This happens in our approach where the structure of one parton shower cannot be reduced
to the exchange of the one BFKL Pomeron. Fig. 5 illustrates that the dependence on energy also cancels
in the ratio of Eq. (5.8).
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Fig. 5-a Fig. 5-a
Figure 5: Correlation function C (Lc|~pT2 − ~pT1|) versus ~p12,T ≡ ~p1,T − ~p2,T at different values of p1,T and energies
W = 7TeV (Fig. 5-a) and W = 13TeV ( Fig. 5-a).
5.3 Bose-Einstein correlation: values of vn and its multiplicity dependence
We first introduce vn, that can be defined it terms of the following representation of the double inclusive
cross section
d2σ
dy1 dy2d2pT1d2pT2
∝ 1 + 2
∑
n
vn,n (pT1, pT2) cos (nϕ) (5.9)
where ϕ is the angle between ~pT1 and ~pT2. vn is determined from vn,n (pT1, pT2)
1. vn (pT ) =
√
vn,n (pT , pT ) ; 2. vn (pT ) =
vn,n
(
pT , p
Ref
T
)√
vn,n
(
pRefT , p
Ref
T
) ; (5.10)
Eq. (5.10)-1 and Eq. (5.10)-2 depict two methods of how the values of vn have been extracted from the
experimentally measured vn,n (pT1, pT2). Where p
Ref
T denotes the momentum of the reference trigger. These
two definitions are equivalent if vn,n (pT1, pT2) can be factorized as vn,n (pT1, pT2) = vn (pT1) vn (pT2). In
this paper we use Eq. (5.10)-1 definition.
Taking into account Eq. (5.8) and Eq. (5.9) we obtain
vn,n =
∫ 2pi
0 dϕC
(
2 pT sin
(
1
2ϕ
) )
cos (nϕ)
2pi C (p12,T = 0) +
∫ 2pi
0 dϕC
(
2pT sin
(
1
2ϕ
) )
cos (nϕ)
; vn =
√
vn,n ; (5.11)
Eq. (5.11) gives the prescription for the calculation of vn that is measured as a sum of the events with all
possible multiplicities of the secondary hadrons. However, in practice, only events with multiplicities larger
than 2n¯, where n¯ is the average multiplicity which are measured in single inclusive experiments. Fig. 6
shows our calculations for W= 13 TeV.
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Figure 6: vn versus pT for the proton-proton scattering at W = 7TeV .
The dependence of vn on the multiplicity of the event has been discussed in Ref. [32]. Eq. (5.7) takes
a different form:
d2σ
dy1 dy2d2pT1d2pT2
(interference contribution) =
1
N2c − 1
∫
d2b˜ ei~p12,T ·
~˜
b (5.12)
×
∫
d2B′d2b
dσ
dy d2pT d2B d2b
(
~b+
1
2
~˜
b, ~B′ +
1
2
~˜
b
)
dσ
dy d2pT d2B d2b
(
~b− 1
2
~˜
b, ~B′ − 1
2
~˜
b
) σ(m) (~b+ ~B′)
σ0
;
with
σ(m)
(
~b+ ~B′
)
σ0
=
Γ
(
m− 2, 2Ω
(
Y,~b+ ~B′
))
Γ (m− 2) ; (5.13)
where Ω (r = 1/mY, b) is given by Eq. (2.21). Eq. (5.12) describes the Bose-Einstein correlations in the
event whose multiplicity is large than 5n¯ (N ≥ 5n¯), where n¯ is the average multiplicity.
Comparing Fig. 6 and Fig. 7 one can see that in the framework of our approach, vn do not depend
on the multiplicity of the event. This independence is in excellent agreement with the experimental data
(see Ref. [9] and Fig. 8). Note, that vn do not depend on N only for proton-proton scattering, while for
hadron-nucleus collisions, such dependence is considerable.
Fig. 5 shows that the correlation length Lc ≈ 1/m1 (the typical momentum is about m1). From
Table 1, the technical reason for this is clear, since the component with such characteristic momentum
makes the largest contribution. In more general language the correlation length depends on the non-
perturbative hadron structure. In terms of the processes, this typical transverse momentum is responsible
for diffractive scattering with the production of hadrons with small masses. Intuitively, we expect that
diffractive production of large masses, which depend on the saturation scale, can lead to larger typical
momenta (smaller correlation length). We will discuss these processes in the next section.
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Figure 7: vn versus pT for proton-proton scattering at W = 7TeV for the multiplicities N ≥ 5n¯.
Figure 8: vn versus multiplicities for hadron-hadron and hadron-nucleus interactions.
5.4 Bose-Einstein correlation: contribution of the semi-enhanced and enhanced diagrams
(diffraction production of large masses)
In Fig. 9 we show the diagrams in our model that have not been taken into account. They correspond
to single diffraction in the region of large masses(Fig. 9-a and Fig. 9-b), and to double diffraction in two
bunches of particles with large masses (Fig. 9-c and Fig. 9-d).
One can see from Fig. 9, that all these diagrams contain the integration over y′ . This integration
is concentrated in the region Y − y′ ∝ 1/∆BFKL, where ∆BFKL is the intercept of the BFKL Pomeron.
Preforming this integration, we reduce the diagrams of the upper part of Fig. 9 to almost the same
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expression as it was used in the previous section, but instead of gi (b) we need to insert the b- dependence
of the triple Pomeron vertex, which in our model has the following form:
Γ3IP ∝ e−2mb (5.14)
Bearing this in mind we can re-write dσ
dy d2pT d2B d2b
of Eq. (4.3) in the form
dσi,j
dy d2pT d2B d2b
= (5.15)
e−mb
S (b,mi)
m2
2pi
√
gi(0)λ
2CF
αs(2pi)4
1
p2T
∫
d2r ei~pT ·~r ∇2T N iG (Y − y; r; b) ∇2T N jG
(
y; r; |~b− ~B|
)
In Eq. (5.15) we restrict ourselves, by accounting only for interaction with the state |1 >, as g1(0)  g2(0).
Since in our model we have m  m1, we can put b = 0. and reduce Eq. (5.15) to
dσi,j
dy d2pT d2B d2b
= (5.16)
e−mb
S (b,mi)
m2
2pi
√
gi(0)λ
2CF
αs(2pi)4
1
p2T
∫
d2r ei~pT ·~r ∇2T N iG (Y − y; r; 0) ∇2T N jG
(
y; r; | ~B|
)
for diagrams of Fig. 9-a and Fig. 9-b.
For the diagrams of Fig. 9 -c and Fig. 9-d which correspond to double diffraction in large masses, we
obtain
dσi,j
dy d2pT d2B d2b
= (5.17)
e−mb−mB
S2 (b,mi)
m
2pi gi(0)λ
2CF
αs(2pi)4
1
p2T
∫
d2r ei~pT ·~r ∇2T N iG (Y − y; r; 0) ∇2T N jG (y; r; 0)
Plugging Eq. (5.16) and Eq. (5.17) into Eq. (5.2), we can calculate the double inclusive cross sections.
Using them and plugging in Eq. (5.7) and Eq. (5.8), we obtain the correlation function and vn. The result
of these calculations is shown in Fig. 10. One can see that contributions of semi-enhanced and enhanced
diagrams, which are closely related to the processes of diffractive production of large masses in single
diffraction (LMD-SD) and in double diffraction (LSD-DD), increase the typical transverse momentum in
vn dependence, on transverse momenta.
Such behaviour is a direct consequence of the fact that typical momenta in the LSD contribution are
of the order of Qs, which is larger than m1 and m2, which determine the hadron structure (see Fig. 11)
Comparing Fig. 10-a and Fig. 10-b, shows that the typical momentum for the sum of the diagrams, is
larger than for the non-enhanced diagrams. Fig. 11 displays the dependence of vn,n in the semi-enhanced
and enhanced diagrams. Comparing this figure with Fig. 10-b, we note that the contribution of these
diagrams are larger than the non-enhanced one, leading to the explanation of pT dependence in the exper-
imental data of Fig. 12. Therefore, in our model the typical momentum is close to Qs.
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Figure 9: Semi-enhanced and enhanced diagrams: Fig. 9-a and Fig. 9=c show the cross sections of double inclusive
productions; Fig. 9-b and Fig. 9-d describe the interference diagram that leads to Bose-Einstein correlations.
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Figure 10: vn versus pT at W = 13TeV for non-enhanced diagram of Fig. 3 and sum of all contributions.
5.5 Comparison with the experiment
. In Fig. 12 and Fig. 13 we plot the experimental data [9] and the results of our calculations. One can see
that we predict the values and pT dependence of vn which are in agreement with the experimental data.
We wish to stress that we used Eq. (5.9)-1 for the estimates of the values of vn, but one can see that our
prediction for vn,n are also in accord with the data. As we have mentioned the semi-enhanced and enhanced
diagrams are closely related to the processes of large mass diffraction. On the other hand, these processes
give only about 30% contributions (see Table 2). Indeed, at W = 13TeV Rlmdsd = σ
lmd
sd /(σel+σ
smd
sd +σ
smd
dd ) =
0.26 and Rlmddd = σ
lmd
sd /(σel + σ
smd
sd + σ
smd
dd ) = 0.16.
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Figure 11: The contribution to v22 versus pT at W = 13TeV for large mass diffraction in single(LMD-SD) and in
double (LMD-DD).
Such essential difference stems from the fact that the cross sections of diffractive production should
be multiplied by the survival probability factor exp (−2Ω(r, Y − Y0, b) (see Eq. (2.21) and Ref. [25]). This
factor results in substantial suppression of the diffractive production, however, it is absent in the double
inclusive cross sections.
Figure 12: Experimental data for vnn and vn versus
pT at W = 13TeV . [9]
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Figure 13: Our model for vnn and vn versus pT
at W = 13TeV .
6. Conclusions
In this paper we generalized our model to include the hard processes and presented our estimates for vn
for proton-proton collisions at high energy. Our main result can be formulated shortly: the model predicts
Bose-Einstein correlations which lead to the values of vn, that are in accord with the experimental values.
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Our estimates are obtained from a model which is able to describe the typical soft observables for diffractive
production, such as total and elastic cross section and cross section of diffraction production, inclusive cross
sections, long range rapidity correlations and the deep inelastic F2 structure function. In spite of being a
phenomenological model which parameterizes the data rather than gives a theoretical interpretation, we
believe that our model leads to reliable predictions for vn at high energies. This belief is based not only on
the fact that the model describes both diffractive processes and processes of the multi-particle generation,
but also on the fact that it includes all that we know from CGC on the behavior of the scattering amplitude
in the saturation region. We showed that the angular correlations do not depend on energy and multiplicity,
in accord with the experimental data.
Therefore, before making extreme assumptions on proton-proton collisions, such as the production of
quark-gluon plasma in the large multiplicity events, we need to explain what happens to the Bose-Einstein
correlations which are so large, that they are able to describe the angular correlations in the proton-proton
scattering, without taking into account interactions in the final state.
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